This paper presents an approach to simultaneously update the velocity and density parameters through full waveform inversion (FWI) in the time domain. A least-square objective function is employed so that both amplitude and phase information are used in the simultaneous inversion. It is well known that the two parameters tend to be highly correlated which results in crosstalk in the inversion. In order to mitigate the crosstalk and balance the updates, the velocity and density gradients are pre-conditioned. A test with the Marmousi II model demonstrates that the simultaneous inversion can reasonably reconstruct the two parameters. The test of a 3D field data indicates that density should be included to reconstruct a reliable velocity model for the improvement of depth migration. Otherwise, the assumption of constant density causes artifacts in the inverted velocity since any seismic data is interpreted in terms of velocity only.
INTRODUCTION
FWI is a data-fitting method to estimate subsurface parameters. Gradient-based FWI introduced by Lailly (1983) , Tarantola (1984 Tarantola ( , 1987 Tarantola ( , 1988 , and Mora (1987 Mora ( , 1988 reduces computational cost and, thus, increases efficiency of the parameter estimation. So far FWI has demonstrated its ability to produce high-resolution parameter models, including the velocities of P-and S-waves (Sears et al., 2010; Brossier et al., 2009) , density , attenuation (Bai and Yingst, 2013) and anisotropic parameters Plessix and Rynja, 2010; Gholami et al., 2012; Wang et al., 2012) , for complex geological structures. These parameters govern propagation of seismic waves and have different orders of magnitude in seismic wavefields. Depending on the problems to be addressed, a subset of parameters is chosen to describe the subsurface properties. Each parameter within the subset is reconstructed either individually by single-parameter FWI or simultaneously by multi-parameter FWI (Operto et al., 2013; Plessix et al., 2013) .
Velocity and density are needed in quantitative interpretation of seismic data for oil and gas exploration. Their product, seismic impedance, determines the amplitudes of seismic waves. Any density contrast can cause reflectivity even with constant velocity. Since the least-square objective function in FWI takes into account both amplitude and phase information of seismic data, with the assumption of constant density all seismic data are interpreted in terms of velocity only and, thus, the FWI results in artifacts in the recovered velocity models (Przebindowska et al., 2012) . Plessix et al. (2013) showed an example in which density inversion is required to preserve the flatness of offset gathers. However, as indicated by Forgues and Lambare (1997) , Virieux and Operto (2009) and Warner et al. (2012) , it is not easy to properly recover density in FWI since it is difficult to separate the effects of velocity and density. The wavefield scattered by a velocity perturbation is the same in all directions while the amplitudes of the wavefield scattered by a density perturbation decrease progressively from small angles to large angles. As a result, a broad spectrum of velocity can be reconstructed while only the short-to-intermediate wavelengths of density can be retrieved. This is referred to as crosstalk. presented a hierarchical strategy to estimate density from elastic FWI in the frequency domain. extended the hierarchical strategy to the acoustic frequency-domain FWI.
In this paper we present the FWI to simultaneously update the velocity and density models in the time domain. A leastsquare objective function is employed so that both amplitude and phase information are taken into account in the simultaneous inversion. In order to address the issue of crosstalk and balance the updates of velocity and density, their gradients are pre-conditioned. We test the concept with the synthetic data generated from the Marmousi II model and a 3D GOM (Gulf of Mexico) OBS (ocean bottom survey) field data. In the synthetic data example the velocity and density are reasonably reconstructed. The test with the GOM field data indicates that the density should be included in FWI. Otherwise, the assumption of constant density causes artifacts in the inverted velocity models because the amplitudes and seismic data caused by density are reflected into the inverted velocity.
THEORY
We iteratively optimize the velocity and density models by minimizing the following objective function, which measures the residuals between recorded and synthetic seismic data
is the synthetic seismic data at time t and at the receiver located at x r for a source located at x s , and m = [ v ρ ] T is the model vector with the velocity v = v(x) and the density ρ = ρ(x) at the position x. α = d, d 0 /||d|| 2 is a normalization scale, which is a single constant for all traces and all times within one shot. The least-square objective function takes into account both amplitude and phase information of seismic data for the optimization of velocity and density.
The acoustic wave equation governing the propagation of seismic waves in an acoustic medium reads
where P = P(x,t; x s ) is the predicted wavefield at time t and at the position x for a source located at x s , and f = f (x s ,t) is the source term at x s . The relationship between d in the objective function 1 and P is d(x r ,t; x s ) = P(x,t; x s )| x=x r .
According to the adjoint-state method (Plessix, 2006) , the adjoint of forward modeling is required to calculate gradients. The adjoint T * of an operator T has the property T x, y = x, T * y . This property results in the following adjoint operator 1 v 2
The gradient of the objective function 1 with respect to the model m is therefore calculated efficiently with the adjointstate method, which gives
with
and
where ∇ v J is the gradient to update velocity, ∇ ρ J is the gradient to update density, and R = R(x,t; x s ) is the wavefield obtained by applying the adjoint operator 3 on the residual
The gradient ∇ m J is separated into two parts to explicitly illustrate the characteristics of each parameter's inversion.
The interplay of velocity and density results in their crosstalk in seismic wavefields. The crosstalk causes the velocity and density parameters to be poorly resolved from each other and causes a lack of parameter resolution. Consequently the gradients ∇ v J and ∇ ρ J are coupled in FWI. Meanwhile, the magnitudes of ∇ v J and ∇ ρ J are governed by their units and by their values of the Fréchet derivative matrix. The different magnitudes lead to imbalances in the model updates between the velocity and density. In order to address the above issues, we pre-condition the gradients by
where I is the identity matrix, and γ is a scalar to scale and balance ∇ v J and ∇ ρ J. The scalar γ < 1 penalizes the velocity gradient while γ > 1 penalizes the density gradient. So γ = 1 implements an implicit regularization (Kamei and Pratt, 2013) . One way to calculate the scalar is γ = σ 2 v /σ 2 ρ , where σ 2 v and σ 2 ρ are the variances of velocity and density, respectively. The Polak-Ribière nonlinear conjugate gradient method is used to simultaneously update the velocity and density along the descent directions indicated by the gradient vector 4.
where λ is the step length. A line search uses the BB formula (Barzilai and Borwein, 1988) for an initial estimate of λ . Once the initial step length is obtained, we update the initial model
If the Wolfe conditions are satisfied for m (Wolfe, 1969) , λ is the step length for the model update. Otherwise, λ is halved and the Wolfe conditions are re-checked. This continues until λ is smaller than a threshold value. FWI is applied to the synthetic dataset for the simultaneous update of the initial models (Figure 1 (c) and Figure 1(d) ). The same source signature is used in the inversion as is used to generate the synthetic dataset. In order to avoid local-minima and cycle-skipping problems, multiscale techniques are applied. We first group frequencies into 0-0-1-3 Hz, 0-0-3-6 Hz, 0-0-6-9 Hz and 0-0-9-12 Hz. Sequential inversions are performed from the lower frequency group to the higher frequency group since it is less likely to lead to errors of more than a half-cycle for the lower frequencies. We also divide the offsets into 4 groups: the far-offset data (2200-3200 m), the middle-offset data (1100-2100 m), the near-offset data (0-1000 m), and the full-offset data. We use the far-offset data first, and then move to progressively shorter offset data, and finally to the full-offset data. This weighting schedule helps to strengthen the contribution of large-offset data. We perform the inversion within nested loops with the outer loop over the frequency groups and the inner loop over the offset weighting. For each combination of the strategies 10 iterations are carried out.
The simultaneous FWI produces reasonable inverted models (Figure 1 (e) and Figure 1(f) ). The velocity model is well reconstructed. Compared to the initial density model (Figure 1(d)) , the inverted density model shows improved resolution. The large density contrast are recovered. However, the thin layers in the Marmousi II model bring challenges to the FWI. These layers are not observed in the inverted density model.
We then use the 3D GOM field dataset to test the simultaneous FWI. The dataset is an OBS survey in the Green Canyon area of GOM with the water depth of 1000 m. The survey has 19901 shots located at an area of 20 × 8 km 2 . Each shot has 239 receivers. A debubble filter was applied to compress wavelets by suppressing the air-gun bubble pulse. An f-k filter was applied to remove high amplitude noise spikes. 3D SRME (surface-related multiple elimination) was applied for the removal of surface-related multiples.
Two inversions are performed in the frequency band of 2-3-8-9
Hz. The 1st FWI updates velocity only by assuming constant density while the 2nd FWI simultaneously updates both velocity and density. Both inversions start from the initial velocity model shown in Figure 2 (a). The density in sediments is linked to the initial velocity according to Gardner's equation (Gardner et al., 1974) . Water density is set equal to 1.03 g/cm 3 and salt density is set equal to 2.175 g/cm 3 (Bird et al., 2005) . The smoothed density (Figure 2(b) ) acts as the initial density in the 2nd FWI. The seismic data in the offset range from 3000 to For QC purposes, Kirchhoff depth migration is performed. Energy is poorly focused as highlighted by the dashed-line oval in the migration with the initial velocity model (Figure 3(a) ), and unflattened events are observed in its offset gathers (Figure 3(b) ). The inverted velocity from the 1st FWI improves the energy focus in the dashed-line oval while the focus becomes poor in the solid-line oval (Figure 3(c) ). Correspondingly, the offset gathers are better flattened (but are slightly over-corrected) in the dashed-line box while they are less flattened in the solid-line box (Figure 3(d) ). The inverted velocity from the 2nd FWI improves the energy focus (Figure 3(e) ) and the flatness of offset gathers (Figure 3(f) ) in the whole section. This example clearly indicates that density should be taken into account in FWI. The assumption of constant density causes artifacts in the inverted velocity models as all seismic data are interpreted in terms of velocity only. The offset ranges from 200 to 6000 m in the offset gathers.
CONCLUSIONS
This paper presents the simultaneous full waveform inversion of velocity and density in the time domain with least-square objective function. The crosstalk of the two parameters causes difficulty to resolve them from each other. In order to mitigate the crosstalk and balance their updates, their gradients are pre-conditioned. The test with the Marmousi II model demonstrates that the two parameters can be reasonably reconstructed. The test with the 3D GOM field data indicates that density should be included in full waveform inversion to reconstruct a realiable velocity model for the improvement of depth migration.
